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Abstract. In this paper we establish a formula for the classes of certain tori in the Grothendieck ring 
of varieties Ko(Varfc). More explicitly, Ko(Varfe) has a natural structure of a A-ring, and we will see 
that if L* is the torus of invertible elements in the ^-dimensional separable fc-algebra L then [L*] = 
S"_ (— ([Spec L])L n_l , where L is the class of the affine line. This formula is suggested by the 
computation of the cohomology of the torus. To prove it will require some rather explicit calculations 
in Ko(Varfc). To be able to make these we introduce a homomorphism from the Burnside ring of the 
absolute Galois group of k, to Ko(Var^). In the process we obtain some information about the structure 
of the subring of Ko(Varfe) generated by zero-dimensional varieties. 



1. Introduction 

The Grothendieck ring of varieties over the field k, Ko(Varfc), is the free abelian group on the objects 
of the category of varieties, subject to so called scissor relations and with a multiplication given by the 
product of varieties. Since the Euler characteristic with compact support (taking values for instance in 
a Grothendieck ring of mixed Hodge structures or Galois representations) is additive, it factors through 
Ko(Var^). Looking at relations among such Euler characteristics is a powerful heuristic method for 
guessing relations in Ko(Varfc). 

Our aim is to establish a formula for the classes in K (Varfc) of certain tori, that can be guessed at 
in this manner. The cohomology of a torus can be expressed in terms of exterior powers of the first 
cohomology group. The latter in turn is essentially the cocharacter group of the torus. As Kn(Varfc) 
is a A-ring and as the Euler characteristic \ c is a A-homomorphism one can try to lift the cohomology 
formulas to Ko(Varfe). There is a problem, however, in that in general one cannot find an element in 
K (Varfc) that maps to the cocharacter representation under Xc- However, when the torus is the group 
L* of units in a separable /c-algebra L, then [Spec L] maps to the cocharacter representation. We are thus 
led to conjecture the formula 

n 

(1.1) [£*] = £(-l) i A i ([SpecL])L n - < G K (Var fc ), 

i=0 

where n is the dimension of L. (The details of this heuristic argument is given in the beginning of Section 
0J) The main objective of this article is to prove 

The structure of the paper is as follows: In Section [2] we give a review of some definitions and results 
in order to fix notation. 

In Section [3] we construct a A-homomorphism Art*, : B{Q) — > K (Varfc), where B{Q) is the Burnside 
ring of the absolute Galois group of k. The image of this map is contained in the subring of K (Varfe) 
generated by zero-dimensional schemes, which we call the subring of Artin classes and denote ArtClk- 
This morphism immediately helps us answer some questions about the structure of ArtClk- For example, 
when k is perfect with cyclic absolute Galois group we will see ArtClk is free on on the classes of finite 
separable field extensions of k. Then in Section 0] we use Artfc to simplify some of the computations by 
moving them to B(Q). 
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In Section [4] we show that [L*] — Y^i=o a i^ n 1 £ Ko(Varfc), where a\ € ArtClk- We also give an 
explicit formula for the a, in terms of elements in B(Q). To derive this formula we embed L* in L, the 
affine space asso ciated to L, and use induction relative to the complement of L*. 

In the paper [R07a| we have, by purely combinatorial methods, obtained a universal formula for the 
A-operations on the Burnside ring which, together with the formula obtained in Section 01 gives a proof 
of p . 

Finally, Section [5] giv es a pr oof of (jTTTJ) that avoids using the universal formula for A 1 . Instead it uses 



one simpler result from |R07a , together with point counting over finite fields. 
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2. Review of some results 

First a general remark. Many of the rings that we work with are constructed as free abelian groups 
on the objects of a category, subject to some relations. When defining a map from such a ring we often 
just give its action on an object in the category. We then have to show that it respects the relations. 
Also, when letting such a map act on the class of an object we often leave out the brackets, e.g., if 
/: Ko(Vai-fc) — > R and X is a scheme we write f(X) for /([X]). 

A-rings. For an introduction, see for example the first part of jAT69] or |Knu73j . A A-ring is a com- 
mutative ring R together with a homomorphism At from the additive group of R to the multiplicative 
group of i?[[t]] , taking x G R to Yl n >o X n (x)t n , where A°(x) = 1 and X 1 (x) = x. A morphism of A-rings 
R — > R' is a ring homomorphism that commutes with the A™. Informally, this definition ensures that the 
A™ behave like exterior powers. The archetypal example is the representation ring of a finite group G. In 
this ring, X n (V) = [/\™ V], the nth exterior power of the vector space V with componentwise G-action. 

Let at be a A-structure on R. The opposite structure of at is defined implicitly by the relation 
at{x)X-t(x) = 1 G i2[[£]]. On the representation ring the natural A-structure can be obtained as the 
opposite to the one coming from the symmetric powers. 

Representation rings. We use R/c (G) to denote the ring of /c-representations of G, where G is a profinite 
group. We require such a representation to be finite and continuous with respect to the profinite topology 
on G and the discrete topology on k. 

When k has some natural topology we can use the same construction but with respect to this topology 
instead. We call the ring thus obtained the Grothendieck ring of fc-representations of G, and denote it 
Ko(fc — G). We have an injection Rfc(G) — > Ko(fc — G), but this is not an isomorphism in general. For 
example, the cyclotomic representation is often not discrete. 

As abelian groups, both these rings are free on isomorphism classes of irreducible representations. 
They are naturally A-rings, the structure being given by exterior powers. A map H — > G gives rise to an 
induction and a restriction map between the corresponding representation rings, which we denote ind H 
and res§ respectively. Finally, for g £ G, we use C g to denote the character homomorphism from any 
representation ring of G, i.e., the map given by V i— > xv(g)- Together they can be used to distinguish 
elements in the representation ring; IlgeG ^9 ls m j ec tive. 

The Grothendieck ring of varieties. For an introduction, see jLoo02j and the references given there. 
Let Varfc be the category of varieties over the field k. Then K (Varfe) is the free abelian group generated 
by symbols [X] for X 6 Var fc , subject to the relations that [X] = [Y] if X ~ Y, [X] = [X \Y] + [Y] 
if Y is a closed subscheme of X, and with a multiplication given by [X] ■ [Y] := [X Y}. The second 
relation is usually referred to as the scissor relation. Q By the class of the /c-scheme X we mean its image 



1 With respect to the definition of Ko(Var^), the important characterization of a variety is that it is of finite type over 
the base field; if not we end up with the zero ring. If we also include in the definition of a variety that it be reduced, we get a 
canonically isomorphic ring, for every scheme X has a closed subscheme X rf .j, that is reduced and with empty complement, 
hence [X] = [X rec ;]. In the same way one can add the conditions that a variety be separated and irreducible and still get 
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[X] £ Ko(Varfc). The class of the affine line is called the Lefschetz class and denoted by L. For a quick 
example of how the relations work, consider the multiplicative group G m . It can be embedded in the 
affine line and its complement is then Spec A:. Hence [G m ] = L — 1 £ Ko(Varfc). 

The Euler characteristic gives a map to the Grothendieck ring of (^-representations of the absolute 
Galois group of k, 

Xc : K o (Var fc )->Ko(Qj-0), 

such that Xc{X) — XX - l) l [Hc(^%j Q')]- (Here I is a prime different from the characteristic of k.) We 
will use Xc to study Ko(Var^), for example, its existence immediately shows that Z C Ko(Varfc). 

Define a A-structure Ko(Varfc) as the opposite structure of {c™}, where <J n {X) = [X n /T, n ]. In [LL04] it 
is mentioned that this seems to be the natural A-structure on Ko(Varfc), since a n behaves like a symmetric 
power map. Hence the Euler characteristic Xc is a A-homomorphism. 

Let if be a field extension of k. We write Rf? : K (Var#-) — > K (Vart;) for the map defined by 
restricting scalars from if to k, i.e., Rj? is defined by the map Var^ — > K (Varfc) that take the K- 
scheme X to the class of X , viewed as a /c-scheme. Rf? is additive but not multiplicative. Also, define 
E%f : Ko(Vai-fc) — > Ko(Varx) by mapping the /c-scheme X to the class of X Specif, viewed as a 
if-scheme. This is a ring homomorphism. 

The fact that R^ fails to be multiplicative is because it does not preserve the multiplicative identity 
element, instead R% {1) — [Specif] £ Ko(Varfc). Rather than being multiplicative, R% has a similar 
property: If X is fc-scheme and Z is a if-scheme then, from the universal property defining fibre products, 
Z Xj( (Spec if Xj. X ) ~Zxj.las A;-schemes. It follows that if we apply the restriction map to [Z] ■ [Xk] £ 
K (Varif) we get [Z] ■ [X] £ K (Varfe), i.e., for x £ Ko(Var^) and z £ K (Var#-) we have the projection 
formula 

R k K (z-E«(x))=R%(z)-x. 
We will use the special case when X = A£ and Z = SpecL, where L is a finite-dimensional if -algebra. 

(2.1) Rg ([SpecL] • L") = [SpccL] • L™ £ K (Var fc ). 

In particular, i?f (L") = [Specif] • L". 

Burnside rings. For an introduction to Burnside rings, as well as proofs of the statements below, see 
|Knu73j chapter II, 4. 

If G is a profinite group then G — Sets is the category with objects finite sets with continuous G-actions 
(with respect to the inverse limit topology on G) and morphisms G-equivariant maps of such sets. We 
will denote the set of morphisms between the G-sets S and T by Homc(5, T). The Burnside ring of G, 
B(G) , is constructed from this category as the free abelian group generated by the symbols [S] , for every 

continuous G-set S, subject to the relations that [5 LIT] = [S] + [T], that [S] = [T] if S ^ T, and with a 
multiplication given by [S] ■ [T] := [S x T], where G acts diagonally on S x T. 

Since every G-set can be written as a disjoint union of transitive G-sets we see that the transitive sets 
generate B(G), and in fact it is free on the isomorphism classes of these. Moreover, every finite transitive 
G-set is isomorphic to G/H where H is a subgroup, and G/H ~ G/H' if and only if H and H' are 
conjugate subgroups. So every element of B(G) can be written uniquely as J2hgr a H[G/H], where R is 
a system of representatives of the set of conjugacy classes of subgroups of G and where an £ Z for every 
H. 

We give a A-structure At on B(G), by first defining er t : B(G) — > 6(G) [[t]] by the map that takes the 
G-set S to the power series *^2 n > [S n /T, n ]t n £ 6(G) [[t]], where S„ acts on S n by permuting the entries. 
We then define A t as the structure opposite to a t - It is non-special, but should still be considered to be 
the natural A-structure on 6(G). 

We have a map to the rational representation ring, h: 6(G) — > Rq(G), which is defined by associating 
to the G-set S the class of the permutation representation Q[S]. This is a homomorphism of A- rings, 
which is one of the reasons why we consider our A-structure on 6(G) to be the right one. It has the 
property that if S and S' are two non-isomorphic transitive G-sets then h(S) ^ h(S"). However, since 



an isomorphic ring. However, the condition that a variety be geometrically reduced probably gives a slightly smaller ring 
when k is non-perfect. 
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B(G) has rank equal to the number of conjugacy classes of subgroups of G whereas Rq(G) has rank equal 
to the number of conjugacy classes of cyclic subgroups of G, h cannot be injective unless G is cyclic. 
Conversely, if G is cyclic then h is an isomorphism. (In this paper, when we say that a profmite group 
is cyclic we mean topologically, i.e, it has a dense cyclic subgroup.) These facts are proved for example 
by using the character maps C g for g G G. (Usually for finite groups, but since taking the inverse limit 
of groups corresponds to taking the direct limit of the corresponding Burnside and representation rings, 
they follow immediately for any profmite group.) 

Next, let 0: H — > G be a group homomorphism. We associate to it two maps, restriction and in- 
duction, between the corresponding Burnside rings in the same way as for representation rings: Firstly, 
res^J : 13(G) — > B(H) is the map induced by restricting the G-action on a G-set S to a iJ-action, i.e., S 
is considered as a H-set via h ■ s :— <fi(h)s for h G H and s G S. This map is a ring homomorphism. 

Secondly, if instead S is a H-set then we can associate to it the G-set G x# S, i.e., the quotient of 
G x S by the equivalence relation (g ■ <j)(h), s) ~ (g, hs) for (g,s) G G x S and h G H, with a G-action 
given by g' ■ (g, s) := (g'g, s). This gives rise to the induction map indg: B(H) -> B(G), which is additive 
but not multiplicative. We will only use the induction map in the case when H is a subgroup of G. In 
this case, note that if we choose a set of coset representatives of G/H, R = {g\, . . . ,g r }, then we can 
represent G Xh S as R x S with G-action given by g ■ (gi, s) — (gj, hs), where ggi — gjh for h G H. 

The map h: B(G) — > Rq(G) commutes with the restriction maps, and also with the induction maps 
if if is a subgroup of G. 

We conclude this subsection by giving an example of a Galois group Q of a finite extension of Q such 
that hg: B(Q) —* Rq(Q) is not surjective. (This will be used in Remark [4751 to find tori for which our 
main theorem do not hold.) For this we use an example of Serre of a finite group having this property, 
together with the following lemma: 

Lemma 2.2. Let N be a normal subgroup of the finite group G, and let H := G/N . If x G Rq(H) 
is not contained in the image of h# : B(H) Kq(H), then res^ x is not contained in the image of 
he : B(G) — v Rq(G). In particular, if ha is surjective, then so is hn- 

Proof. Define a map Rq(G) — > Rq(H) by V i— » [V N ], where V N is the elements of the G-representation 
V invariant under N. The corresponding map B(G) — ► B(H) is defined by S i— > [S/N], and one proves 
that the following diagram is commutative: 



B{H) 2-*. B{G) ^ B{H) 





h 


h 




h 


Rq 


H) Rq 


'(G) — 


^-Rq 


H 



Since both the horizontal compositions equal the identity, the result follows by diagram chasing. □ 

Example 2.3. There exists a finite extension k ofQ, with absolute Galois group Q , such that hg : B(Q) — > 
Rq((?) is not surjective. For by Exercise 13.4, P a 9 e 105 of |Ser77| . there is a finite group H such that 
h# : B(H) — > Rq(JJ) is no£ surjective. (More precisely, the example in |Ser77] shows that this holds for 
the product of the quaternion group with the cyclic group of order 3.) Now choose a finite field extension 
k of Q such that there exists a finite extension K/k with the property that G&l(K/k) = H. Choose 
x G Hq(H) that is not contained in the image o/hjj, If hg is surjective, then there is a finite quotient 
G of Q, having H as a quotient, such that res^ x is in the image of he- By the preceding lemma, this is 
impossible. 

Galois theory. To be able to make explicit computations in Ko(Var^) we use Grothendieck's formulation 
of Galois theory. We use the following notation. Let A: be a field and let A: be a separable closure of k. 
Let Q :— Qal(k/k), the absolute Galois group. Then the category of separable k — 5-algebras is defined 
to be the category whose objects are separable fc-algebras L together with Cy-actions on the underlying 
rings such that k — > L is Q-equi variant, and whose morphisms are Q-equi variant maps of A;-algebras. 
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We then have an equivalence between the category of fc-algebras and the category of fc — C?-algebras. 
This equivalence takes the fc-algebra L to L <x>fc k with (/-action a(l ® a) := I ® a(a). Its pseudo-inverse 
takes the k — ^-algebra U to U Q . 

g 

If the fc-algebra L is finite and separable, then the corresponding k — Q algebra is isomorphic to k 

where S is finite. The G-action on this must be the action on k together with a permutation of the 
coordinates, i.e., a ^-action on S. Hence as a corollary we have a contravariant equivalence between 
the category of finite separable fc-algebras and the category of finite continuous (?-sets. This equivalence 
takes the fc-algebra L to Homfc(L, fc) with (/-action given by f a {l) ■= <ro/(|). Its pseudo-inverse takes the 
(/-set S to Homg;(5, fc), i.e., the (/-equivariant maps of sets from S to fc, considered as a ring by pointwise 
addition and multiplication and with a fc-algebra structure given by (a ■ f)(s) :— a ■ /(s). 

Under this correspondence, if L corresponds to S then the dimension of L equals the number of 
elements in S. Moreover, if also L' corresponds to S' , then L ®fc L' corresponds to S x S' with diagonal 

(/-action and the algebra L x L' corresponds to SUS'. In particular, separable field extensions of fc 
correspond to transitive (/-sets. 



3. The subring of Artin classes in K (Var fc ) 

In this section we define a map from the Burnside ring of the absolute Galois group of fc to K (Varfc). 
This map will be used in the computation of the class of L* , but it also gives some information about 
the structure of Ko(Var/c). 

Definition 3.1. Let ArtClk, the ring of Artin classes, be the subring of Ko(Varfc) generated by zero- 
dimensional schemes. 

As an abelian group ArtClk is generated by {[Specif]}, where if runs over the isomorphism classes 
of finite field extensions of fc. When the characteristic of fc is zero there is a structure theory for 
Ko(Varfc) given in [LL03| ■ which asserts that the classes of stable birational equivalence form a Z-basis of 
Ko(Varfe)/(L). Using this, one shows that ArtClk is free on {[Specif]}. That ArtClk is free on this set 
is also true when fc — F g as is shown in [Nau07] , Theorem 25, using the point counting homomorphisms 
C 9 n, where, for any prime-power q, C q : KofVarpJ — > Z is given byl^ |A(F 9 )|. 

There is also a question about zero divisors. In |PooQ2| it is shown that when charfc = 0, Ko(Var/j) 
contains zero divisors. To show that these really are nonzero requires the structure theory of |LL03| . 
[Nau07] observes that if if is a finite Galois extension of degree n then [Specif] 2 = n ■ [Specif] so 
[Specif] G ArtClk is a zero divisor if it is not equal to or n, and that this is the case when fc = ¥ q . 

Let fc be a field with absolute Galois group Q. In this section we use Galois theory to define a A- 
homomorphism from B{Q) to K (Varfe), whose image is contained in ArtClk- The main purpose of doing 
this is that it aids the computations in K (Varfe). Also it allows us to give a slightly generalization of the 
above mentioned results of [Nau07| . 

Definition 3.2. Let Art^ : B(Q) — > Ko(Varfc) be the X-homomorphism defined by associating, to the Q-set 
S, the class of its image under the fully faithful, covariant Galois functor to Var^. 

Since open disjoint union is a special case of the relations in K (Varfc) this is well defined. Moreover it is 
multiplicative since the multiplications in both rings come from the product in the respective categories. 
Finally, to see that it commutes with the A-structures, note that it suffices to check this on the opposite 
structures, and a n is defined by the same universal property in both rings (namely the nth symmetric 
power) so this is clear. 

Since B(Q) is free on isomorphism classes of transitive C/-sets, and Art^ maps these to isomorphism 
classes of separable field extensions of fc, it follows that ImArtfe is free on {[Specif]} if and only if Art^ 
is injective. If fc is perfect, ImArt^ = ArtClk, hence the same holds for ArtClk in this case. 

Recall that we use h to denote the natural A-homomorphism B{Q) — > Rq(£). We use i for the injection 
Rq({?) — * Kq(Q; — Q). If S is a 5-set and L the corresponding separable fc-algebra then the cohomology 
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of SpecL is Q;[5], hence we have the following commutative diagram of A-rings: 



Art fc 



(3.3) B{Q) ^K (Var fc ) 



Bq(G) *K o (Q z -£0 

In particular, when k = ¥ q and F e Q is the Frobenius automorphism, if S is a 0-set corresponding to 
the variety X then C F o Xc (X) = \S F \ and also \X(¥ q )\ = |Hom Fg (SpecF g , X)\ = |Hom e ({«}, S)\ = \S F \, 
consequently 

(3.4) C q = C F o X c on ImArtj^, 

showing that the character maps generalize point counting, a fact that we will use in Section \E[ 

As a first application of the commutativity of (|3.3|l we note that if L and V are two non-isomorphic 
separable field extensions of k, i.e., they correspond to two non-isomorphic transitive 5-sets S and S', 
then [Spec L] / [Spec V] and [Spec L] £ Z. For it suffices to show that this is not the case for their images 
under \c, i.e., that h(S) ^ h(S") and that h(S) ^ Z, and this is a known property of h. In particular: 

Proposition 3.5. For any field k, the isomorphism classes of finite Galois extensions determine distinct 
zero divisors in Ko(Varfc). 

This type of argument cannot be used to prove that Im Artfe is free on {[Specif]}, since in general 
there are non-isomorphic (?-sets S and S' such that h(S) — h(S"). The exception is when Q is cyclic, for 
then h is an isomorphism. We state this as a proposition. 

Proposition 3.6. If the absolute Galois group of k is cyclic then Artfe is injective. 
As a corollary we get a result from [Nau07j, that ArtClw q is free on {[Specif]}. 

To summarize: We have a good understanding of the structure of ArtClu when charfc = 0, and also 
when k is perfect with cyclic Galois group. 

The behavior of Artfe with respect to restriction of scalars. We next study how Artfe behaves 
with respect to restriction of scalars. The following proposition is due to Grothendieck but we have not 
been able to find a reference so we include a proof for completeness. 

Proposition 3.7. Fix a field k together with a separable closure k and let Q := Q&l(k/k), Let K be a finite 
field extension of k such that K C k. Let L be a finite separable K -algebra and let S be the corresponding 
Qal(k/K)-set. View L as a k-algebra and let S' be the corresponding Q-set. Then S' ~ Q K g a \(k/K)^ '• 
Hence the following diagram is commutative. 

B(gal(k/K))^^K (Var K ) 

illd s a i(X /K , 

B(G) ^l^K (Varfe) 

Proof. Define a map (j>: Q xS — > S' by (a, f) i— > erf. It has the property that if r G Qal(k/K) then 
4>(<jt, /) = crrf — <fi(cr,Tf). Hence it gives rise to a map of C/-sets ip: Q x g a \(j:/K)S "~ * If /) = 
4>{t, g) then T _1 cr/ = g so since / and g fixes K pointwise we must have that T _1 cr e Qal(k/K). It follows 
that (r, g) = (r, T~ 1 crf) ~ (tt _1 ct, /) = (a,/) so ip is injective. It is also surjective, for let d :— [K : k] 
and suppose that L has dimension n as a if-algebra, i.e., S has n elements. Then L has dimension nd as 
a fc-algebra so S' has nd elements. On the other hand, by Galois theory, \Q / Qa\(k/K)\ = [K : k] = d. 
Hence Q X g a uk/K)^ a ^ so nas n< ^ el emen ts. Since cp is injective it follows that it also is surjective, hence 
an isomorphism of 5-sets. □ 
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4. The class of a torus in K (Var fe ) 

Given a field k and a separable /c-algebra L of dimension n we define the affine group scheme L* by 
letting L*(R) = (L ®^ i?) x for every ^-algebra i?. This is a torus, because if A; is a separable closure of k 
and i? is a fc-algebra then, since L®kk = k , we have 

l#R) = L*(R) = {{L ® k k) = {R n r = (i?) 

as fc-algebras, and consequently (£*)jr — GJ^. We call L* the torus of invertible elements in L. Note that 
if L = k n then L* = G™ , hence [L*\ = (L - 1)" G K (Var fc ). 

As mentioned in the introduction, if T is a torus of dimension n and TV is its cocharacter group tensored 
with Qi then 

n 

(4.1) Xc(T) = ^(-l) l A J (7V)r- 1 e K (Q, - 0), 

i=0 

where ^ := [Qz(— 1)], the class of the cyclotomic representation. If T — L* , where L corresponds to the 
Q-set S, then [TV] = [Q;[S]] = Xc(SpecL). Together with the fact that Xc(L) = t, this suggests formula 

CO- 

The objective of this chapter is to compute, for an arbitrary separable /c-algebra L, the class of L* 
in Ko(Varfc) in terms of the Lefschetz class L and Artin classes. More precisely, we will show that there 
exist elements oi, . . . , a n € ArtClk C Ko(Varfc) such that 

(4.2) [L*] = L" + mV 1 - 1 + a 2 V 1 - 2 + ■ ■ ■ + a n E K (Var fc ). 

In Theorem [4221 we then derive a universal formula for the a, which, together with the result from [R07aJ, 
proves Ijl.ip . 

Before we begin, let us mention that l|4.2p does not hold for an arbitrary torus: 

Remark 4.3. There are fields k and tori T such that [T] ArtClk [L] . To show this we need the 
following lemma: Identify Rq, (Q) with its image in Ko(Q; — Q) and assume that \hn\cyci\ = oo. If 
^bit = 0, where bi S Rqj(5), then 6, = 0. This is proved using the character maps C g , g € Q, for we 
have that |{C g (£)} ge g| = oo whereas \{C g (bi)} g& g | < oo for every i. Suppose now that k is such that 
\ImXcycl\ — 00 and that [T] £ ArtClk\jLi\, where T is a torus of dimension n. Then, since x c (L) = I, we 
have Xc(T) = 5Z i= _ TO bi£ n ^ % , where m is an integer and bi is in B, the image of B(Q) in Ko(Q; — Q). 
Hence, by 03), IXot" 1 )^ W 1 " 4 = Et^M* 1 "- Consequently, since \ 1 {N) e R q (G) C Rq, (G) 
and bi e B C Rq ; (5), the lemma shows that bi = {— l) t X t (N). In particular, [N] = X 1 (N) = —bi G B. 
But not all tori has this property. To see that, note that every ^-representation of Q , V , comes from 
the cocharacter group of a torus, namely the free "Z-module (gei) ge g C V, where {e^} is a basis for V . 
(Here it is important that the representation is discrete, otherwise this group can have infinite rank.) 
So every representation [N] € ~Rq(G) corresponds to a torus T, and if [N] is not contained in B, then 
[T] £ ArtClk\Li\. By Example \2.3[ there is a finite extension of Q, k, such that the inclusion B C Rq({?) 
is proper. Since k is finitely generated, the image of the cyclotomic character is infinite, hence it follows 
that there are tori T such that [T] ^ AriCZfc [L] . 

Remark 4.4. The following was pointed out to us by David Bourqui: If L is a separable k-algebra of 
dimension n, and S the corresponding Q-set, then the exact sequence of G-modules — > Z — > Z[5] — » 
M -y splits over Q, hence [M <g> z Q;] = [Qi[S]} - 1 = Xc([SpecL] - 1). So if L*' 1 is the torus with 
cocharacter group equal to M , i.e., L*' 1 — L* /G m , then the above heuristic suggests that 

n—l 

(4.5) [i*' 1 ] = ^(-l) l A 4 ([S P eci] - l)^- 1 - 1 , 

i=0 

which also would follow from (jTTTj) if we knew that L — 1 was not a zero-divisor, because [L*' 1 ] ■ (L — 1) = 
[L*]. That (|4.5p actually does hold can be proved by embedding L*' 1 in the projective space associated to 
L, and then use the exact same method as we will use to prove l|l.ip . 

We also mention one case when the above heuristic probably gives the wrong formula, namely let T 
be the torus of elements in L of norm 1. If M is the cocharacter group of T , then the exact sequence 



8 



KARL ROKAEUS 



— > M — > Z[S f ] — > Z — > spiiis over Q, hence by the above argument, [T] would satisfy the same formula 
as [L*' 1 ]. Looking at the top dimensional term of the formula suggests thatT should be rational, however, 
by [Che54] page 322, there are field extensions L/k such that T is not rational. 

Definitions. We begin by giving a definition of L* for any free algebra of finite rank: Let K be a 
commutative ring and let L be a free if -algebra of rank n. Let L/K, or just L, be L considered as an 
affine space, i.e., the i?-points on L is L ®k R- We have L = SpecS(L v ). Note in particular that K is 
the ring scheme with additive group G a and multiplicative group G m . Also, if we choose a if-basis for L 
we get an isomorphism S(L V ) ~ K[X\, . . . , X n ], where n is the rank of L. Hence L ~ as schemes. 

We next give the general definition of the if -scheme (L/K)*, which we write as L* when K is clear 
from the context. Define L* C L as the subfunctor given by L*(R) = (L ®k R) x ■ To see that this is an 
affine group scheme, note that it is the inverse image of K* under the norm map N^/k : L — > K. (Here, 

N_l/_r- is defined on i?-points as ^l® k r/r-) 

We now turn to the problem of computing [(L/k)*] when A: is a field and L is separable. The ob- 
vious approach would be to compute an explicit equation defining L* and the use the scissor rela- 
tions. More precisely, choose a basis of L over k. This identifies L with Specfc[-Xi, . . . ,X n ] and k with 
Specfc[X]. Then N L / fc corresponds to a homomorphism of fc-algebras k[X] — » k[Xi,...,X n ] sending 

X to the polynomial f(Xi,...,X n ), Therefore, N L / x (G m ) = Specfc[X, 1/X] ®k[x] k[Xi,...,X n ] — 
Speck[Xx, . . . ,X n , 1/ f(Xi, . . . ,X n )]. When n — 2 this can be used to compute [L*] using the scissor 
relations as the following example shows. 

Example 4.6. Let L be a separable extension field of k of degree 2. We can represent L as k[T]/ (/(i 1 )) 
where ,f(T) = T 2 + aT + (3 is irreducible, in particular j3 ^ 0. If char A: ^ 2 we assume that a = 0. 
With this notation we have L(R) = R[T]/ (f(T)j for every k-algebra R. A basis for the R-algebra L(R) 
is {l,i} where t is the class ofT modulo f(T). Ifr\,r2 G R then ^Z(R)/F/i Tl + r2 ^) = r \ ~ + rf/3. 

So if we identify L with Spec k[Xi, X2] then 



We now have an explicit equation describing L* . To compute [L*] we first compute its complement in L, 
which is Spec k[Xi, X2]/ (Xf —01X1X2 + fiX 2 ) C L. This can be split into two parts, the closed subscheme 
Spec k[Xi]/(Xf), which maps to 1 in Ko(Varfc), and its complement 



Now if char k ^ 2 then a — so Y 2 — oY\ +/3 = f(Y\) and this is also true if char k = 2 for then —a = a. 
Hence the above expression equals Spec k[Y2, 1/I2] XfeSpec L, and this maps to (L— l)-[Spec L\ € Ko(Varfe). 
Putting this together gives [L*] = L 2 - [SpecL] • L + [Speci] — 1 G K (Var fc ). 

This method does not work when L is a field of degree greater than 2, the cutting and pasting then 
becomes to complicated. The rest of this section is devoted to giving a systematic way of computing [L*]. 

Reduction to case of lower dimension. We now describe a method which makes it possible to 
reccursively compute [L*] as an element of ArtCZfcpL]. This will be done in the following way. We first 
describe subschemes of L, denoted L\, . . . ,L n> such that [L*] = L™ — \\^ = i[L/\. We are then reduced to 
compute [L/\ for every i. To do that we find a subscheme Ti of Li and a T^-algebra L' { of rank n — i. 
More precisely, T% is the spectrum of a finite product of fields Yl K v , where L ■ equals L v on K v , We then 

show that Li ~ (L'jTi)* as fc-schemes. In Lemma[H7]we will show that (L'jTi)* ~ i)(L v /K v )* and we 
are then in the situation we started with, only that the algebras have dimension less than n, for having 
computed [(L v / K v )*] £ Kf^Var^) we can find [(L v / K v )*] G Ko(Varfc) with the help of the projection 
formula. 

To do this we will need the following lemma. 



L* = D(Xf - aX ± X 2 + pxj) C L. 



Spec 



k[X u X2,l/X 2 ] 



Spec 



k[Y ll Y 2 ,l/Y 2 ] 
(Y? - aYx + (3) ' 
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Lemma 4.7. Let K = Y[ v ei ^ v w ^ ere the Kv are fields and I is finite. Let L be a free K-algebra of 
rank n, i.e., L = Yivei^f where, L v is a K v -algebra of dimension n. Then L/K ~ U V L V /K V and 
(L/K)* ~ U V (L V / K v )* as K -schemes. 

Proof. The first part follows since S(L V ) ~ Ylvei^(^v) as -^-algebras. To prove that (L/K)* ~ 

U(L V /K V )* as if -schemes we prove that their functors of points are equal. Let R be a AT-algebra, i.e., 

R = Y[ v Rv where R v is a ^-algebra, possibly equal to zero. An i?-point on U(L V / K v )* is a morphism 

/: U^Speci?!, — > Li(L v /K v )* that commutes with the structural morphisms to U„ Spec K v . Since the 
image of Speci?„ under the structural morphism is contained in Spec K v we must have /(Speci?„) C L*. 
Therefore / is determined by a set of morphisms {f v : Specif — > L* v } ve i where fi is a morphism of 
Ktj-schemes. Hence we can identify / with an element in Y[Ll(R v ). The same is true for an i?-point on 
L* for 

L*{R)= ((l]X)®n^ (11^)) -\{{Lv®k^Rv) x = l[L* v {R v ). 

So by Yoneda's lemma, L* ~ UL*. (This method could also have been used to prove the first part of the 
lemma, but there we knew the algebra representing L and that gave a shorter proof.) □ 

We will now give the definitions of Li, Ti and L\. There are two ways of doing this. The first is to 
construct them explicitly in much the same way as we constructed L* with the help of the norm map. 
The second is to just construct their images after scalar extension, as subschemes of (L)j:, and then use 
Galois descent as described in Section [H The first method requir es mor e work but has the advantage 
that it works also when the base is not a field. It is carried out in [R07b| . In this paper we will use the 
second method: 

Let L be the separable fc-algebra and let S be the corresponding Q-set i.e., the corresponding k — Q- 
algebra is k . Since, for every fc-algebra R, 

Zj^R) = [L ® k k)® 1 :R = k S ®t:R= (k <% R) s = R s = A§(ii), 

it follows that the fc-scheme L corresponds to the k — (/-scheme A|, i.e., Specfc[X] se s where Q acts on the 
scalars and by permuting the indeterminates. In the same way we see that the fc-scheme L* corresponds 
to the k — ^-scheme G^. (This also gives an alternative construction of L* when the base is a field, it is 
the fc-scheme corresponding to the fc — CJ-scheme G^ C A^.) 

We next define Li C L, where i £ {0, . . . ,n}. For this, let Vi(S) be the Q-set of subsets of S of 
cardinality i. We then define Li to be the fc-scheme corresponding to the k — (/-scheme 

|J G^ T cAf, 

where Gm T (fl) is the group of n-tuples (r s ) se s S A s (i?) such that r s = if s £ T and r s £ R x if r s ^ T. 
Since 

G^ T = y({X s } seT ) \ y({X B }, iT ) C Speck[X s ] seS = Af 

W6 S66 thclt I^T^-p. (S) 

is locally closed and that their union over all i cover A|. It hence follows that 

the Li are locally closed and that they cover L. Noting that Lq = L*, we see that [L*] = L" — X^il-M £ 
K (Var fe ), 

Now consider V({X t — l}t<£r) C G^ T . This subscheme is isomorphic to Specfc. Taking the union 
over every T £ Vi (S) we get an k — 5-subscheme 

(4.8) Specfc n(S) £ |J G^ T . 

TeVi(s) 
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—Ti (S) 

We denote the corresponding fc-scheme with I}. Moreover, the fact that (Ti)^ = Specfc shows (in 
fact is equivalent to) that Tj is the spectrum of a separable algebra. Hence Tj corresponds to the Q-set 
Vi{S) and it is a product of separable field extensions of k. 

Next use the algebras k — > fc S ^ for T G V%(S) to define a k Pz ^ -algebra 

n ^ T 

of rank LS \ T| = n — i in the category of k — ^-algebras. Denote the corresponding TValgebra with L-, 
which is then also of rank n — i. We note that the map Tj — > L- corresponds the projection {(s,T) e 
5 x Vi(S) : s ^ T} — > Vi(S) in the category of 5-sets. 
Now by Proposition I4.7[ 




y= u 

/ TeVi{S) 



and since this is isomorphic to Utsp (s) ^»^ T it follows that the corresponding fc-schemes are isomorphic, 
i.e., {L'jTiY ~ U. 

Since Tj is a finite product of separable extensions of k, Y\K V , we must have L' i =\\L v where L v is a 
^-algebra of dimension n — i (since the rank of L-/Tj is n — i). Hence we see that (L-/T,)* = \J(L V /K V )* . 
By induction then, we may compute [(L v /K v )*] 6 K (Var?f u ) for each v and then us the projection formula 
pTTj) to compute [(Lj/Tj)*] and hence [L*] £ K (Var fe ). 

We illustrate with an example. 

Example 4.9. Let k = ¥ q and L = ¥ q 3. We then have 

(4.10) [L*\ = L 3 - [ij - [L 2 ] - 1 e K (Var fc ). 

Let Q :— Q&l(k/k) and let F be the topological generator of Q , the Frobenius automorphism ana'. Then 
L corresponds to the Q-set S := Homfe(L,/c) = {1,F, F 2 }, where we have identified F with its restriction 
to L. 

We have V\(S) = {{1}, {F}, {F 2 }} ~ S. Therefore T\ ~ SpecL. Moreover, Lj corresponds to 
{(1, {F}), (1, {F 2 }), (F, {!}), (F, {F 2 }), (F 2 , {1}), (F 2 , {F})} 

and this is the union of two sets on which Q acts transitive, hence it is isomorphic to SClS as a Q-set. 
So L[ ~ L 2 . Therefore [{L'jTx)*] = (L — l) 2 G K (Var L ) and hence by ^ 



[In] = fl£((L - l) 2 ) = [SpecL] • (L - l) 2 e K (Var fe ) 

In the same way we find that [L2] = [SpecL] • (L — 1) € Ko(Varfc) Putting this into l|4.10p gives that 

[L*] = L 3 - [Spec L] • L 2 + [Spec L] • L — 1 € K (Var fe ). 

An explicit formula. We have now showed how to compute [L*] in principle. Evolving what we already 
have proved will give us an explicit formula. 

To get more compact formulas we use the following notation. In the last section we worked with a 
fixed algebra L/k and defined L i5 Ti and L\ with respect to this algebra. To translate the recursion into 
a closed formula we need to repeat this constructions. Hence we fix once and for all our base field, k. Let 
K be a finite extension field of k and let L be a separable L"-algebra. We then use Li(L/K), Ti(L/K) and 
L'^L/K) to denote Li, Ti and L\ constructed with respect to the algebra L/K. We have that Li{L/K) 
and Ti(L/K) are L"-schemes which we also can view as fc-schemes by restriction of scalars. Similarly, 
L'i(L/K) is a Xi(L/Lf)-algebra which we also may view as a fc-algebra. 

We next wants to generalize these definitions to the case when K is a finite separable fc-algebra. Recall 
that this is already done for (L/K)*. However, since the definitions of Li, Ti and L\ use Galois decent 
their constructions cannot be generalized directly. We instead do the following. 
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Definition 4.11. Let K be a finite separable k-algebra and L a finite separable K-algebra, so K — Y[ v K v 
where K v are separable extension fields of k and L = Y[ v L v where L v is a separable K v -algebra. Define 

Li(L/K) := U v Li(L v /K v ). 

Furthermore, define 

Ti[L/K) :=il v Ti{L v /K v ) 
and define L'^L/K) to be the Ti(L/ K)- algebra which is L'^Ly/ K v ) on Ti{L v / K v ) . 

As in this definition, let K be a finite separable /e-algebra and L a finite separable if -algebra of rank 
n, so K = ]J V K v where K v are separable extension fields of k and L = J\ v L v where L v is a separable 
if„-algebra of dimension n as a vector space over K v . Using Definition I4.11[ Proposition 14.71 and the 
stratification of L over a field given in the preceding section gives the following: 

Lemma 4.12. We have that 

n-l 

L/K = (L/K)* U |J Li(L/K) U Specif 

i=l 

where the union is disjoint and open. Hence, 

[(L/K)*} = [Spec K] ■ L" - ^[LiiL/K)} - [Specif] e K (Var fe ). 

i=i 

From the preceding section we know that V (L v / K v ) /Ti(L v / K v ) has rank n — i and that Li(L v /K v ) ~ 
[L' i (L v /K v )/T i (L v /K v )Y . Taking the union over every v and using Proposition 14. 71 we get the following. 

Lemma 4.13. The algebra L\(L / K) /Ti(L / K) has rank n — i, and 

Li(L/K) ~ (L\(Ll K)/Ti(L/K))* 

as k-schemes. 

For the rest of this section, we fix a field k and a separable fc-algebra L of dimension n. Notation: 
Given a sequence of positive integers i\,...,i q . Construct the algebra L' ii /Ti 1 — L' ix (L /k) /Ti ± (L /k). 
Define the algebra L' l2 n /T i2M as L'^L'^/T^) /T^L'^/T^) and define inductively L' ir+i ^ i jT lr+u ... M 
as 

Li r+1 {L' l ,,,...A 1 /Ti r ,...a 1 )/T ir+1 (L ir ^__ til /T irt ,„ til ). 

Inductively we get that the rank of L\ ij^ir,...,^ is ^ — (*i + • • • + v)- Hence, as a corollary to the 
preceding lemmas we get the following. 

Lemma 4.14. Let a — (i r , . . . , i\) where Y^, s =i *s = Then 

n — i — l 

[(L'jT a )*] = [T a ] ■ L n— ' - [( L 'jJ T ^T] - [T«] 6 K (Var fc ). 

j=i 

We are now ready to prove the main theorem of this subsection. 
Theorem 4.15. With the same notation as above we have 

[L*] = L" + aiL' 1 " 1 + • • • + a„_iL + a n 

where 

r=l .,»,): 

tlH Mr =3 

i»>l 

for j = 1, . . . ,n. 
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Proof. We evaluate [L*\ in n steps, using Lemma \4. 141 In the first step we write 

[{L/kf] = L™ - [(L'-y/Ti)*] [{L' n _ x /T n _ x )*\ 1 

so we get the contribution L™ — 1. We then evaluate the remaining terms, using lemma l4.14[ so in step two 
we get a sum consisting of two parts. First, [(L' i2 jj/Ti^)*] shows up with sign (— l) 2 , for 2 < i2 + ii < n 
(we always have i 8 > 1). This is the terms that we will take care of in step three. The second part of the 
sum contributes to our formula. It consists of the terms 

(-lfH^.L-' + pr,-]) l<i<n. 

Continuing in this way we find that in step r we get a sum consisting of two parts. Firstly, every term of 
the form [(L' ir ^/T^....^)*] with coefficient (— l) r , for Y^s=i < n - This part is taken care of in step 
r + 1. And secondly we get a contribution to our formula consisting of 

{-iy{-[T ir _ u _ ix ] ■ V^i + [T ir _ u ... M ]) r - 1 < j < n 

for every r — 1-tuple (i r -i> ■ ■ ■ ; h) such that X)I=i = 3- This process ends in step n. 

Collecting terms we now see that if 1 < j < n — 1 then the coefficient in front of L™ -5 becomes 

ilH hir-l=J 

i s >l 

This equals 

(4-16) ^(-l) r E ^.-.ixl- 

r=l 

ilH h»r=j 

i s >l 

A separate computation, using that [T n ] — 1 and that if 1 < 2l=i *s — j < n then T„-i,i r _i,...,ii = 
Ti r _ lt ... l i 1 , shows that formula l|4.16p holds also for the constant coefficient, when j = n. □ 

The formula expressed using the Burnside ring. The formula in the preceding secton is not suitable 
for computations. In this section we make it, by computing the object in the Burnside ring that maps to 
[T a ]. We begin with some notations. 

Definition 4.17. Let G be a profinite group. Given a G-set S of cardinality n and a positive integer r. 
Moreover, let . . . ,i r ) be an r-tuple of positive integers such that i\ + ■ ■ ■ + i r < n. Then Vi r .... t i 1 (S) 
is the G-set of r -tuples (S r , . . . , Si) where Sj is a subset of S of cardinality ij and the Sj are pairwise 
disjoint. In particular Vi(S) has the same meaning as before (up to isomorphism). 

Lemma 4.18. Let k be a field and K a separable k-algebra of dimension t. Let L be a separable K- 
algebra of rank n. Let Q := Q&l(k s /k) and let K and L correspond to T respectively S as Q-sets. Write 
T = Homk(K, k s ) = {ti, . . . ,r t }. Let Sj be the inverse image of tj under the map S — * T corresponding 
to K — > L. Then Ti{L/K) corresponds to the G-set 

U?i(Sj) 

and L[(L/K) corresponds to 

|(/,C/)e {JSjXViiSj): fiU^ 

Proof. Suppose first that K is & field. According to (|4.8[) . Ti{L/K) corresponds to Vi (Homjf (L, fc s )) as 
a Q&\(k s / K)-set. Hence by Proposition 13.71 it corresponds to 

y x (Jal(fc s IK) 
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as a G-set, with the (/-action given in that proposition. Since we assumed that if is a field we may write T 
as {t\\k, ■ ■ ■ ,Tt\x}, where Tj G Q, and this in turn can be identified with a system of coset representatives 
of Q I Qa\(k s I K). We hence want to show that we have an isomorphism of (/-sets, 

i 

tf>: T x ^(Hom^(L,fc s )) -» |J V l (S j ). 

3 = 1 

To construct this, define <f> as {tj\k, U) i— > TjU. (Note that Tj have to be fixed for every j, if we replace 
it with Tj such that tj\k — we may get another (p.) First is well defined because every element in 
U fixes K, so every element of TjU is in Sj, the inverse image of Tj\x in S. Hence (f)(Tj\K, U) G Vi(Sj). 
It is also (/-equivariant, because if a G Q is such that UTj = tit 1 , where r' G (/al(fc s /if), then 

^>(a{Tj\ K ,U)) = ^{t u t'U) =t iT 'U 

and 

<t^(tj |k, U) = a(TjU) = <j Tj U = tit'U. 
Next 4> is injective: If ^>(tj\k, U) = (^(r; |#, E7') then they both must be in Vi(Sj), so I — j. Hence 
TjU = TjU 1 and since Tj is an isomorphism, U — U' . So <j) is an injective morphism between two (/-sets 
of cardinality t ■ (™) , hence an isomorphism. 

For the general case when if is a separable /c-algebra of dimension t, note that we can identify T with 

M Kom k (K v ,k s ) 

where K = J7„ K v , by sending / G Honifc (if , k s ) to (a v ) i— » f(a Vo ) G T. Denote the map S — ► T by 7r. 
We have that Ti(L/K) = \J V Ti(L v /K v ). This corresponds to the (/-set 

U„ U ^~ lr ) = U = U Wi) 

TeHom fc (if„,fc s ) t£T j=l 

As for L'^L/K), assume first that if is a field. As a Qal(k s /K )-set, L'^L/K) corresponds to 
M := {(/,[/) G Hom x (i,F) x Pi (Horn* (L, A; 5 )) : / £ U}, 
hence it corresponds to T x M as a (/-set. Define a map 

T x M -> |(/, 17) € [J 5, x p(5,) : / £ t/j 

by 

{Tj\ K ,(f,U))^(TjOf,TjU). 

As above one shows that this is an isomorphism of (/-sets. The case when if is an arbitrary separable 
fc-algebra is handled in the same way as Tj . □ 

Proposition 4.19. Let a = (i r , . . . , i{) be an r-tuple of positive integers such that ii + • — \-i r = i where 
1 < i < n. The algebra L' a /T a in the category of k -algebras corresponds to the Q-sets 

{(«,(S , r ,...,S , i)) eSxP a (S): s£u r t=1 S t } 

and P a (S) together with the projection morphism. 

Proof. By construction the proposition holds for r = 1. Suppose the formula has been proved for r. We 
have = Ti r+1 [L^ ^/T^...^). By the induction hypothesis and lemma l4.18l this corresponds 

to 

U P r+1 ({( S ,(^,...,Si)) : s£lf t=1 S t )) 

{s ri ...,si)ep ir n (s) 

which is isomorphic to 

{({si, ■ ■ .,s ir+1 },S r , . . . ,Si) : s H £ Ul =1 S t j 

(s r ,...,s 1 )eP ir ,..., il (S) 
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and this in turn is equal to Vi r+1 ,i,,,...,i 1 {S). 

And L' ir+i ir ^ ii corresponds to the set of pairs (/, U) in 

|J {(s,(S r ,...,Sx)) : s$U r t=1 S t } x^ r+1 ({( a ,(S r ,...,5i)) : a $ U£ =1 S t }) 

(Sr,.,s 1 )en r ,...,n(s) 
such that f £U . This set is isomorphic to 

|J {(*,(S rfl ,£ r ,..., ) Si)) eSxP^,..^^) : agU^S*} 

(s r ,...,Si)e-p ir ,..., il (s) 

which equals 

{( S ,(S r+1 ,S r ,...,S 1 ))eSxP lr+1 ,...,, 1 (S): s^U^t}. □ 
We are now ready to give our first closed formula for [L*] . It follows from Theorem l4.15l and Proposition 

km 

Theorem 4.20. Let L be a k-algebra of dimension n and S a Q-set such that ArtfcQS']) = [SpecL]. 
Define 

i 

Pi(S)=T, E (-i)*PwiOS)]eB(0). 

t=l (»i,...,it): 
iiH H«=» 

t s >l 

T/ien 

[L*] = L" + 01 • L"- 1 + • • • + a„_ x • L + a n e K (Var fe ) 

w/iere a, = Artfc(/9j(S)). 

The universal nature of the formula. Fix a field k with absolute Galois group Q. Also, fix a separable 
/c-algebra L of dimension n corresponding to the G-set S. Define a homomorphism 0: Q — * £„ as the 
composition of <? — > Aut(S) with an isomorphism Aut(5) — > S n , Let resg" : B(S n ) — > B{Q) be the 
restriction map with respect to <f>. Then res^™ is independent of the chosen isomorphism Aut(S) — > S n . 
We have that 

res^({l,...,n})=[S]€S(£). 
Using the notation that Va '■= V a ({l, ■ ■ ■ ,n}) we also have reSg n (V a ) = [P a (S)]. Define 

(4-21) p| n) =E E (-W£L<J e *(En). 

t=l (ti,...,t t ): 

iiH Mt=« 

i„>l 

Then res§ n (p\ n ' ) = Pi(S). This discussion gives the following formulation of Theorem 14.201 

Theorem 4.22. Fix a positive integer n. The p\ n ^ € £>(£„), defined in <|4.21[) . are universal in the sense 
that for every field k with absolute Galois group Q and every separable k-algebra of dimension n, 

[L*] = L™ + oi • L"- 1 + • • • + a„_i • L + a n G K (Var fc ), 

where cij = Art& oreSg"(/9^). 

We illustrate with an example. 

Example 4.23. Lei L/fc = F g 4/F g . Since Q is generated by the Frobenius map F we can identify S, the 
Q-set corresponding to L, with {1,F,F 2 ,F 3 }. We have 

P 2 (5)-{{1,F},{F,F 2 },{F 2 ,F 3 },{1,F 3 }}U{{1,F 2 },{F,F 3 }}. 

The first of these sets is isomorphic to S. The second is transitive of cardinality 2 so it corresponds to a 
field extension of k of degree 2, i.e., ¥ q 2 . Reasoning in this way and using theorem \4-22\ we find that 

[L*] = L 4 — [Spec F 9 4 ] • L 3 + (2 [Spec ¥ qi ] - [Spec F ? 2 ] ) • L 2 - [Spec ¥ q i] ■ L + [Spec F g2 ] - 1. 
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If instead L/k = ¥ q 2 x¥ q 2/¥ q then S = {ei, F ei} U{e 2 , F e 2 } where e\ and e 2 are the projection maps. 
We then get, for example, 

V 2 {S) = {{ei,Fei}}u{{e 2 ,Fe 2 }}u{{ei,e 2 },{Fei,Fe 2 }}u{{ei,Fe 2 },{Fei,e 2 }}. 
This kind of computations gives that 

(4.24) [L*] = JL 4 - 2[SpecF 9 2] • L 3 + (4[SpecF,2] - 2) • L 2 - 2[SpecF 9 2] • L + 1. 

Note however that since L*(R) = (¥ q 2 ® k R) x x (F g 2 ® k R) x = (¥* 2 x k ¥* 2 )(R), Yoneda's lemma shows 
that L* ~ F* 2 X fc F* 2 , so (|4.24[) could also have been obtained by squaring the expression for [F* 2 ] given 
in Example\4-6\ 



5. The class of the torus in terms of the A-operations 



In R 07a| we study the A-structure on S(S n ). The main result is that there is a formula for A 1 namely 



that, given n, for i = 1, . . . , n we have 



(5-1) A i ({l,...,n}) = (-1)'^ Y, (-WtLiJ 



t=l (ii,...,i t ): 
iiH Nt=i 

ia>l 

From this and Theorem 14.201 the following theorem is immediate. 

Theorem 5.2. Lei be the elements defined in Theorem \4-22[ i.e., the elements in B(S n ) describing 
[L*] e Ko(Varfc) for every separable, n-dimensional algebra k — » L. T/ien 

pf ) = (-l) < -A < ({l ) ... 1 n})6B(E n ). 

As a corollary, (|l.ip follows: 

Proof of (|l.ip . Let L correspond to the C/-set 5. From Theorem 14.221 we know that the coefficient in 
front of L™~* is Artfe o res^" (p-"' ) ) and by theorem 15.21 this equals Art&((— l) 1 • A* (5)). Since Art^ is a 
A-morphism that maps [S] to [Spec L] the result follows. □ 

We now give an alternative proof of the equality p| = (— l) l A l ({l, . . . , n}) G S(E„). This proof is 
based on point counting over finite fields. We consider it motivated to include since one purpose of this 
article is to give examples of different computation tech niques in K (Varfc). 

This pr oof do not use the universal formula (|5.ip from [R07a| . We do however need the following results 
proved in [R07a : Write for the S„-set ^({1, . . . , n}). We define the Schur subring Schur n C S(E n ) 



to be the subgroup generated by { [P^] } M hn • (Here /i h n means that /i is a partition of n.) This is closed 
under multiplication, hence really a ring. It is not a A-ring since it is not closed under the A-operations. 
However, A 1 ({1, . . . , n}) £ Schur n for every i, Moreover the restriction of h: £?(£„) — * Rq(E„) to Schur n 
is injective. 

Also, we do not need to know the explicit description of the universal elements pf^ given in Theorem 
14.221 We do however need their existence and that they lie in Schur and once that is proved it is not 
such a long step to describe the elements. If we instead use Theorem 14.221 the below proof of Theorem 
15.21 gives a (very ad hoc) proof of l|5.ip . 

The setting for the proof is as follows. Let L be a separable F g -algebra of dimension n, corresponding 
to the G '■= £/al(F g /F g )-set S. Choose an isomorphism Aut(S) — > and compose it with the homomor- 
phism G — > Aut(iS) to get a homomorphism 4>: G — > S n . Let F be the topological generator of G and 
define a := 0(F) e S n , Let res5 n denote the restriction maps with respect to cj> for Burnside as well as 
representation rings. 

Recall that we use C a and Cf for the character homomorphisms with respect to a and F respectively. 
One sees that C a — C'f o res^ ™ . The corresponding map on the Grothendieck ring of varieties is the point 
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counting homomorphism C q defined by X n |X(F 9 )|, and by Q3,4p we have Cp oh = C q o Artf q . So with 
this notation the following diagram is commutative: 

(5.3) B(S n ) — ^ 6(5) 



Rq(S„) 




K (Var F 



Using this we are now ready to give the alternative proof. 

Proof of Theorem \5.2l Fix a positive integer n. We write 4 := A*({1, . . . , n}) and we want to prove that 
Pi = (—lyii G 6(£ n ). Since they both lie in Schur n it suffices to show that if R is a set of representatives 
of the conjugacy classes of E„ then for every a G R, 

C tr h{p i ) = {-l) i C a h.(i i )eZ. 

(Since h is injective on Schur n and Ilcrefl, i s injective.) We do this simultaneously for i = 0, . . . , n by 
showing that 



(5.4) 



i=0 



c CT h( Pl )x n - 1 = ]T(-ira h(£ i )X"- < G Z[X] 



i=0 



for every a <E R. 

From now on, fix cr G i?. Let c/ be an arbitrary prime power, let k = ¥ q and let Q :— Q&\{k/k). Choose 
a C/-set S and an isomorphism 4>: Aut(5) — > £„ such that F i— > cr, where F is the topological generator 

of 0, the Frobenius automorphism. (Equivalently, let S = Cii<j< m Tj such that Tj is a transitive <5-set 
of cardinality rij, where a has cycle-type (rii, . . . ,n m ). Such an 5 always exists for by Galois theory it 
comes from L — IIj=i Kj where Kj is a degree rij field extension of k, i.e., i^j = F 9 »j .) Construct res^" 
with respect to <j>. In what follows we write £i(S) and Pi(S) for res^"(£i) and res5™(/9i) respectively. 

We begin by computing the right hand side of Q5.4J1 in terms of (m, . . . , n m ). Let / be an endomorphism 
of the vector space V of dimension n. From linear algebra we know the following expression for the 
characteristic polynomial of /: 



det(X •£„-/) = ][>!)* Tr(f\ 



2=0 



Putting / = F gives 
(5.5) 



det(X ■ E n — F) = ^(-l)^ Q [S ] (F)^' 

i=0 



Since h(£i(Sj) = [f\ l Q[S]] G Rq(G) we have that Cf h(£i(S)) = Xa* q\s\ (F), hence, by the commutativity 
of l|5.3p . the right hand side of l|5.5p equals 



t=0 



(-l)'C ff h(/,)I' 



As for the left hand side of (|5.5p . since S is a union of transitive C?-sets Tj we have Q[S] — ©^L^ 
where Q[Tj] is irreducible, hence the matrix for F is of the form 

/Mi \ 



M 9 



M m J 
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where Mj is a transitive rij x nj permutation matrix. Since the characteristic polynomial of such a matrix 
is X n i - 1 it follows that det(XE n — F) — ]\J =1 Aet{XE n] ~ Mj) = IlTliP^' - l )- From CS2) we 
therefore get 

m n 

(5.6) ]\{X n t - 1) = ^(-l) 4 C ff h(e l )x n -\ 

3=1 i=0 

We next compute the left hand side of l|5.4p . By the definition of the pi we have 

n 

[L*] =J2 A *Kpi( S )) hn ~ i e K (Var fe ). 

i=0 

Applying C q to this gives 

n 

(5.7) \L*(k)\=J2c q Ai-t( Pl (S))-q n -\ 

i=0 

By the commutativity of f|5 .3(1 . C q Art(pi(S)) = C a h(pi), so the right hand side of l|5.7p equals 

n 
i=0 

On the other hand, since we saw that L = YYJLi^q 71 ] we have L*(k) = L x = JXjLi ^ q "j so l-^*(^)l — 
UT=i(l ni ~ Hence <E3) says that 

m n 

l[( q n > -i) = ^c„h( P ,r'. 

Since g is an arbitrary prime power it follows that 

m n 

(5.8) -l) = ^ah( Pl )* n -\ 

Comparing (|5.6p to (|5.8p now gives (|5.4p . □ 
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